
Numerical Solutions Of Boundary Value
Problems Of Non-Linear Differential Equations
Boundary value problems (BVPs) for non-linear differential equations play a
crucial role in various fields, including physics, engineering, and economics.
Solving these problems analytically can be challenging or even impossible in
many cases. Therefore, numerical methods are often employed to find
approximate solutions to these equations.

In this article, we will explore the numerical solutions of boundary value problems
for non-linear differential equations. We will discuss the mathematical
foundations, common numerical techniques, and their implementation using
computer software.

Understanding Boundary Value Problems

Boundary value problems involve finding solutions to differential equations that
satisfy certain conditions at the boundaries of the domain. These conditions can
be specified in terms of the values of the dependent variable, its derivatives, or a
combination of both. Unlike initial value problems, where the conditions are
provided at a single point, boundary value problems require satisfying the
conditions at multiple points.
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Non-linear differential equations are equations that contain nonlinear terms in
their equations. Unlike linear differential equations, whose solutions can often be
obtained analytically, non-linear equations generally do not have closed-form
solutions. Hence, numerical methods are often the most practical approach for
obtaining approximate solutions.

Numerical Methods for Solving Boundary Value Problems

Various numerical methods exist for solving boundary value problems of non-
linear differential equations. Some of the commonly employed methods are:

Finite Difference Method: This method involves approximating the
derivatives in the differential equation using finite difference formulas. The
problem is then transformed into a system of algebraic equations, which can
be solved using numerical linear algebra techniques.

Finite Element Method: In this method, the domain is divided into smaller
elements, each approximated by a simple function called the basis function.
The problem is then transformed into a system of algebraic equations, which
is solved numerically.

Shooting Method: This method involves converting the boundary value
problem into an initial value problem by guessing the initial conditions. The
solution is then obtained by adjusting these initial conditions iteratively until
the desired boundary conditions are satisfied.

Collocation Method: In this method, the problem is approximated by a
series of basis functions that satisfy the differential equation at certain
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discrete points within the domain. The solution is then obtained by solving a
system of algebraic equations derived from these collocation conditions.

Implementation and Software

Implementing numerical methods for solving boundary value problems of non-
linear differential equations can be done using programming languages such as
Python, MATLAB, or Julia. These languages provide various libraries and
packages specifically designed for numerical analysis and scientific computing.

For example, in Python, packages like NumPy and SciPy provide functions for
solving ordinary and partial differential equations. MATLAB offers the "bvp4c" and
"bvp5c" functions for solving boundary value problems. Julia, being a newer
language, also has packages like DifferentialEquations.jl that provide efficient
algorithms for solving differential equations.

These programming languages allow users to define the non-linear differential
equations, specify the boundary conditions, and choose the appropriate
numerical method. The software then calculates the approximate solution, which
can be visualized using plotting libraries like Matplotlib (Python), Plotly
(Python/Julia), or MATLAB's built-in plotting functions.

Numerical solutions of boundary value problems for non-linear differential
equations provide valuable insights and useful approximations in various
scientific and engineering disciplines. By employing numerical methods and
computer software, researchers and practitioners can tackle complex problems
that would otherwise be difficult to solve analytically.

In this article, we explored the mathematical foundations of boundary value
problems for non-linear differential equations. We discussed various numerical
methods, including finite difference, finite element, shooting, and collocation



methods. We also highlighted the importance of programming languages and
software packages in implementing these methods and visualizing the results.

By utilizing numerical solutions, researchers and engineers can make informed
decisions, gain deeper understanding, and solve intricate problems arising from
non-linear differential equations in different fields of study.
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The book presents in comprehensive detail numerical solutions to boundary value
problems of a number of non-linear differential equations. Replacing derivatives
by finite difference approximations in these differential equations leads to a
system of non-linear algebraic equations which we have solved using Newton’s
iterative method. In each case, we have also obtained Euler solutions and
ascertained that the iterations converge to Euler solutions. We find that, except
for the boundary values, initial values of the 1st iteration need not be anything
close to the final convergent values of the numerical solution. Programs in
Mathematica 6.0 were written to obtain the numerical solutions.
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