From Fourier And Motzkin To Kuhn And
Tucker: Solving Problems with Mathematical
Optimization

Throughout history, mathematicians have made significant contributions to
various fields, unlocking new possibilities and solving complex problems. From
the works of Jean-Baptiste Joseph Fourier and Albert Motzkin to Richard Kuhn
and Harold W. Tucker, the field of mathematical optimization has witnessed
remarkable advancements. In this article, we will explore the journey of

mathematical optimization, from its early beginnings to its modern applications.

What is Mathematical Optimization?

Mathematical optimization, also known as mathematical programming, is a
branch of mathematics that deals with the optimization of a function, decision-
making, and resource allocation. It involves finding the best possible solution to a
problem from a set of available alternatives, considering certain constraints or

limitations.

The origins of mathematical optimization can be traced back to the 18th century.
However, it was the works of celebrated mathematician Jean-Baptiste Joseph

Fourier that laid the foundation for optimization as we know it today.
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Fourier and Motzkin: Pioneers of Optimization

Jean-Baptiste Joseph Fourier, a French mathematician and physicist, made key
contributions to the field of optimization in the early 19th century. Fourier's work
on the Fourier series, which represents a periodic function as the sum of sine and

cosine functions, formed the basis for many optimization problems.

In the 20th century, Albert Motzkin, a renowned mathematician from Israel, built
upon Fourier's work and made significant contributions to optimization theory.
Motzkin's research focused on the projection of convex polyhedra, which laid the

groundwork for linear programming and computational geometry.

Linear Programming and Duality Theory

Linear programming, a mathematical optimization technique, emerged as a field
of study in the mid-20th century. It involves optimizing a linear objective function

while satisfying a set of linear equality and inequality constraints.

A breakthrough moment in linear programming came with the development of
duality theory by Richard Kuhn and Harold W. Tucker. Duality theory establishes
a strong connection between linear programming problems and their dual

problems, enabling valuable insights and additional optimization possibilities.

The Kuhn-Tucker Conditions

The Kuhn-Tucker conditions, named after Richard Kuhn and Harold W. Tucker,

provide necessary conditions for a solution to be optimal in nonlinear
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programming problems. These conditions extend the scope of optimization
beyond linear programming and enable the solution of complex, non-linear

problems.

The Kuhn-Tucker conditions involve the use of Lagrange multipliers and the
concept of constraint qualification, offering a robust framework for finding optimal

solutions in various mathematical optimization scenarios.

Applications of Mathematical Optimization

Mathematical optimization finds applications in various fields, including
engineering, economics, computer science, transportation planning, and
operations research. Let's explore some of the key areas where optimization

techniques are widely used:

Supply Chain Management:

Optimization models help in optimizing the decision-making process in supply
chain management, enabling efficient allocation of resources, minimizing costs,
and maximizing profitability.

Data Science and Machine Learning:

Optimization algorithms play a crucial role in solving complex machine learning
and data science problems, such as feature selection, classification, clustering,
and model optimization.

Finance and Investment:

Optimization techniques are utilized in portfolio optimization, risk management,

asset allocation, and option pricing in the field of finance and investment.

Transportation and Logistics:



Optimization models aid in optimizing transportation routes, scheduling deliveries,
and managing logistics processes, leading to increased efficiency and reduced

operational costs.

In

From the groundbreaking work of Fourier and Motzkin to the contributions of
Kuhn and Tucker, the field of mathematical optimization has come a long way.
These mathematicians have paved the path for solving intricate problems and

optimizing various processes in different domains.

With ongoing advancements in optimization algorithms and computational power,
the importance of mathematical optimization continues to grow. As we move
forward, mathematical optimization will play a significant role in shaping a more

efficient and optimized world.
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Based on undergraduate teaching to students in computer science, economics
and mathematics at Aarhus University, this is an elementary to convex sets and

convex functions with emphasis on concrete computations and examples.Starting
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from linear inequalities and Fourier-Motzkin elimination, the theory is developed

by introducing polyhedra, the double description method and the simplex

algorithm, closed convex subsets, convex functions of one and several variables

ending with a chapter on convex optimization with the Karush-Kuhn-Tucker

conditions, duality and an interior point algorithm. Study Guide here
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